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idea of RG
@ Integrate out short distance degrees of freedom:
—H = —-pH = NKy + K1ZU;+ K2ZUin + K3ZO'i0'jUk + -
i i i,k

is described by {K}

@ Block Spins
I J K )
{ojere e o o]0 o @ s,:—dZa,-, or 5/:5i€”(ZUi)
® © 0.0 0 0 0 0 o b[el ey
cec0ececo o0
ceclocclens o Projection:
® &6 0606 0 0 0 0 o
P(si;{oi}) =d(s1 — sign(z ai))
b=3 i€l

Note that

ZHP(S“{O’,‘}) =1

{si} 1
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ZyK =Y e M =N"N"T] P(sii {oi})

{‘71 {‘71} {51} !
= Z(H sl = Zy/ (K],
{si}

where N’ = N/b? and

{on} 1

e Hlsil = Z H P(si;{oi})e

—HJo]

RG transformation

Ry {K} = {K'}

In practice, this is difficult to do!
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RG / 1d Ising model

Recall that
HZ—K O','O'J'—BZO',',
(i.J) i
with K = 8J and B = 8h

Z= Y Too,Tores Toyoy =T TV,
{U,‘=ﬁ:l}

> Decimation: Trace over b — 1 spins and leave a spin at every b-th site.
Znu(K,B) =Tr TV = Tr (TN = Zy (K', B'),

where N' = N/b.
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 h=0 Case:
Recall that
T,or = cosh K(1 + oo’ tanh K)
(Tb)(w, = 271 cosh® K(1 + oo’ tanh® K)
_ <2b1 cosh? K

po—7 ) cosh K'(1 + oo’ tanh K')

Note that constant term is generated. We may as well start from

—H = Ng+KZJ/U;+1 - —H = N’g'+ K/ZU/U/+1
i I

Toor = €8 cosh K(1 + oo’ tanh K)
(Tb)ggf = eP82b~1 cosh? K(1 4 oo’ tanh® K)
= €% cosh K'(1+ oo’ tanh K')

Joonhyun Yeo (Konkuk) Phase Transitions and RG Wintercamp 2016

9/35



We therefore have for h = 0 the RG flow equation (K’,g") = Rs(K, g) as

2b=1 cosh? K)

r_
& bg+|n< cosh K’

K’ = tanh™! (tanhb K)
/i<
eE =i g
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1 h # 0 Case: Take b = 2 for simplicity

T2 _ e2g ( e2K+2B + 872K eB + efB )

eB 4+ e B e2K—2B | o—2K
’ ’ 7
_ of efHtB oK
= ! ’ /
e—K  oK'-B
2
_28B’ 1+
y =e 2B —x (1+y)

(x+y)(1+xy)
/ ef4K’ — X+y
1+xy’

x
Il

where x = e *K and y = e=2B. (Derive these.)
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decimation in higher dimensions

X X * X e X
a, % = to be,
X o K’/',-.‘\‘\l’ . X . m't[?rqba
. X 0,‘..\ xr’ﬁ% x . )( awm?,
X ° ) ‘0"‘ X e X ¢
s

Z eKloitoatostolo — explin(2 cosh(K (o1 + 02 + 03 + 04))]
o=%+1

This is not of the form
e(K//2)(0102+0203+0304+a401)

In fact, one can show that this can be written as (show this!)

K/
exp[A’ + ?(0102 + 0203 + 0304 + 0401) + L' (0103 + 0204) + M 01020304]

Need an approxmiation scheme.
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Migdal-Kadanoff approximation

d=2
K 2K | K’
skt :
T I — =T

l' ] =4
bown 4 4(‘/&\ mMatn
MOVFnj

beld

Let us recall the recursion relation for decimation in 1d (b = 2)
1
K’ = tanh™!(tanh? K) = 3 In cosh(2K)

From the above figure, we have in this case

1
K' = 5|ncosh(2o2K)
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Fixed points

o K*=0For K<< 1, K"~ 1In(1+8K?) ~4K? — Stable
o K* =00 For K >> 1, K/ ~ In(e*f/2) ~ 2K — Stable
@ Critical fixed point

2K K 4 oKD

e —1(e +e
2

K:~0305 (cf. K& ~0.441)

*'—é-F\Lﬁ* ST T 4-*
=0 k? K'=20
T po T: (®)

RG flow  phast tramsibom ot <
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K/

1
=3 Incosh(2 - 4K)

KX ~0.065 (c.f. KKovm ~ 0.222)
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In d dimensions,

1
K = 5 Incosh(2 - 2971K)

MK approximation becomes worse as d — oo.
It becomes exact on hierarchical lattices

Hierarchical Lattices

— —
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For an arbitrary b,

tanh K’ = [tanh(b?~1K)]”

Generalize to continuous b = 14 6/ = €%/; K = K (/)

tanh K’ = [tanh((1 + 66)~1K)] "™
~ [tanh((1 + (d — 1)80)K)]* ™
~ tanh((1 + (d — 1)d0)K)[1 + §¢Intanh K]
~ tanh((1 + (d — 1)50)K) + (50) KON K nh K
cosh” K

1
~tanh |K 4 (d — 1)6¢K + (66)5 sinh(2K) Intanh K

dK
d/¢

=(d-1DK+ %sinh(ZK) Intanh K
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Ising model in 1 + ¢ dimensions
Look at large K (or small T) region.

1 1 2K 1
5 sinh(2K) Intanh K = 5% In(1—2e 2K) ~ — =

Ford=1+¢,

dK 1
N eK - =
ar — "o

orfor T=1/K,

dT 1
— ~ T+ -T2
at = ' "o
d = 1 is the lower critical dimension of the Ising model.

=0 - d=1

T*-0

Ts.‘.\s wodel vn 1+E dwansms C
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approximation methods

Niemeijer and van Leeuwen (1974)

@ 2-d Ising model on a

iE triangular lattice

i : o —H =3, Koioj+h} o
= @ Projection (majority rule):

A 2 3 A P(m;a1/,02/,03/) = P(MI? {01})
/\ = 5(u/,sign(ZUﬂ))

@ Note that

> Plui{or}) =1

p==%1
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Z =Y e MUbKD NN TT Py {oy}) e MoK

{o} {o} {u} !
=1
_ZZHP“’ (o) e {U}Kh)_ZeNK’ —H ({u}, K )
{pn} {o} 1 {n}

The main difficulty lies in evaluating ) _ to get H'. Need to use an
approximation. Write H = Ho + V, where

—Ho = K (011021 + 0203 + 03101/
i 1

+h) (o1 +o2+03), '=1""?A3
2 AN
-V=K Z Za;,aﬂ, for example, 2 3
(1) 7
— Vi = K(o1102) + 031023),

—Vik = K(03101k + 03102K)
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Let

ZO = Z H P(Mlv {U/}) e_HU({U}vah).
{o} 1
Then
eN'Kéef’H'({p,},K',h') _ Zo<e—v>7
where

1
A § | | Pl A e~ Ho({o},K,h)
< > 7 —~4 (:u/v {0/}) €

Use a cumulant expansion and take the lowest order as a first approximation.
1
() =exp | ~) 4 502 = ) 4| =0

Need to evaluate Z; and (V).
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@ Uy = +1
T,

011 | 021 | 03/ €

¥ ¥ I | e3KF3h
+ |+ | = | ek
+ | =] + | e7K*h
_ + + e—K+h

o uy=-1
oy | oo [ o3 [ e
— 1 _ — | 3K-3h
— [ | & [ek*
+ + — | e k"
+ — — | e K"

Joonhyun Yeo (Konkuk) Phase Transitions and RG Wintercamp 2016 23 /35



The above results can be summarized as eA(KMN+BIKM \yith

A-B _ g3K=3h 4 34—K—h

e

A+B _ 3K+3h 4 3o-Kth o

For (V), note that in Hg, there is no mixing between ¢y and o, for | # J.

Therefore,

V) =KY_ D lou)lop)

(LJ) i

Note that (o) is indep. of i for given /.

@ U = +1
e3K+3h + 2e—K+h _ e—K+h
(o)) = KT T 3e=KTh = C(K, h)+ D(K, h)
@ Uy = -1
_e3K73h _ 2efK7h + efoh
(o) = T e = C(K,h) — D(K, h)

This can be summarized as (o) = C(K, h) + D(K, h)w,

Joonhyun Yeo (Konkuk) Phase Transitions and RG Wintercamp 2016 24 /

35



We have
’
70 = H ATBu — JN'ATBY

I
and

—(V) =2K Y (C+ Du)(C + Dpy)
(1,9)

N/
=2K C2TZ + CDzZu/ + D? Z,u/uJ ,
1 (1,d)

where N/ = N /3 and z = 6 is the number of nearest neighbors. The factor 2
comes from the two ways of connecting neighboring blocks. We finally have the
recursion relations

K' = 2KD?*(K, h)
h = B(K, h) + 12KC(K, h)D(K, h)
Ky = A(K, h) + 6KC?(K, h)
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general scaling theory

@ RG transform R : {K} — {K’} generates a flow in a multi-dimensional
parameter space

@ Length scale shrinks down at each step

§(K') = &(K)/b
o Fixed Points:

Re{K*} =K*, &K*)=¢&K")/b, £=0, or £&=o00 (critical)

T:OO
Fisxd pdent
M"IT(-.D
Fixed pm}a"
T=[0 J
{ on ticd
‘S:, wed S W(RCL
povwr
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@ Linearize R near critical fixed point:

Ky— Ky~ Z Tan(Kb — Kp)
b

@ Solve eigenvalue equation

Z d)(ai) Tab - )\(
a

@ Multiply the linearized flow eq. by ¢£,” and sum over a

ST (K~ k) =AD" ¢ (Ky — K;)
a b

or

ul = XDy

U

where u; =5, d)gi)(Ka — KZ) is the scaling variable.
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o Classification: Let A() = b¥i (y; scaling exponent).
» Relevant variable: y; > 0 (u; flows away from the fixed point)
» Irrelevant variable: y; < 0 (uj — 0 under RG flow)
» Marginal variable: y; =0

o Critical surface: a surface spanned by irrelevant variables
——-‘f——_—_
RIS

@ One has to adjust relevant variables to be on the critical surface.

@ Ising universality class: 2 relevant scaling variables

» 1thermal, uy ~t=(T —T.)/Te, e >0
» 1 magnetic, up ~ h=h, y» >0
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scaling theory for Ising universality class

o Free energy per site: f({K}) =—(1/N)InZ({K}). Invariance of partition

function gives

Nf({K}) = N'F({K'}) + Ne({K}),

where g({K}) is a constant term. The singular part behaves as

({K}) = b~ f£({K"})

N = N/b?

fi(t,h) = b= 9f (b t,b"h) = --- = b~ "f,(b™t, b™"h)
t and h are growing. Stop at |b™t| ~ t; = O(1).
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(e, h) =

to

d/}’t
t
°(

h

|t/ to|yn/ve

)
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o Correlation function: G(r; — ry; t)
522 . / (¢! g
Z(Sh I’1 (Sh r2 (r1 o, t Z 5/7 6/7 ) ( r Iy, t)

sites blocks

Note that §A’(r') = b*3h(r), ¥ =r/b, and b¥ spins in each block.

G(r, t) = b2 24G(r/b, b’ t) = B0 G(r/b", b™: 1)

(d—yp)
Glr,t) =t 7w | —
|t yr

» Correlation length & ~ [t|7}/% = |¢t|77.

» At T =T, (t =0), stop at r/b" ~ 1.

Stop at |b™*t| ~ 1.

_ _(d— 1
G(r,0) ~ PP = 7Ty = S(d 2 - )
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@ Specific heat

~ 2 = (e a=2—dv
|t :

~EEE = | (S5

@ Susceptibility

om _ _
X ~ ~ |t|(d 2yn)/yt = £, y=v(2-1n)
Oh |,
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@ mhcurveat T = T,

of = ., h
i) ~ G = 7o ()

As t — 0, this must be finite. So we require that ®'(x) ~ x9/"~1 as x — oo
so thatast — 0

m(h) ~ |t|d%”|t|(—d/yh+1)(yh/yt)hd/yh—1 ~ hd/y=1 = p1/8

_d+2-—n

6_d—2+17
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example

—H = Kle','O'j-‘r K> Z oi0j,

n.n. n.n.n.
where n.n=nearest neighbor and n.n.n=next nearest neighbor.
kL of’,ﬁz;f? =0
T Ll
fer
nnn
c (4
6°)
>
+- ¥ e,
T=w

T A .

@ Models with K; =0 or K =0 or Ky # 0, Ky # 0 are all in the same
universality class.
@ Behavior near the critical fixed point controls the critical exponents not initial

conditions.
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summary

@ RG transformation: Successive coarse-graining the short-distance degrees of
freedom of the system

@ Reveals the information on how the system behaves in the long-distance limit.

@ RG flow near critical fixed points plays an important role in determining the
critical phenomena of the system.

@ More systematic method: Momentum-shell RG

» Spin S; — Field ¢(x)

» Fourier components: ¢~S(q)

» Integrate away the field with momentum between A/b < g < A, where
A ~ a=! (a=lattice spacing)

» Diagrammatics in Field Theory
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